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We present a comprehensive table of recurrence and differential relations obeyed by
spin one-half spherical spinors (spinor spherical harmonics) �κµ(n) used in relativis-
tic atomic, molecular, and solid state physics, as well as in relativistic quantum chem-
istry. First, we list finite expansions in the spherical spinor basis of the expressions
A · B �κµ(n) and A · (B × C)�κµ(n), where A, B, and C are either of the following
vectors or vector operators: n = r/r (the radial unit vector), e0, e±1 (the spherical, or
cyclic, versors), σ (the 2×2 Pauli matrix vector), L̂ = −ir×∇ I (the dimensionless orbi-
tal angular momentum operator; I is the 2×2 unit matrix), Ĵ = L̂+ 1

2 σ (the dimension-
less total angular momentum operator). Then, we list finite expansions in the spherical
spinor basis of the expressions A · B F(r)�κµ(n) and A · (B × C) F(r)�κµ(n), where at
least one of the objects A, B, C is the nabla operator ∇, while the remaining ones are
chosen from the set n, e0, e±1, σ , L̂, Ĵ.

KEY WORDS: spherical spinors, spinor spherical harmonics, angular momentum,
recurrence relations, differential relations
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1. Introduction

The spin one-half spherical spinors (spinor spherical harmonics) emerge
in relativistic quantum mechanics in the context of the separation of spherical
variables when solving the central-field Dirac problem, e.g., in the relativistic
analysis of one-electron atoms [1–5]. In the relativistic theory of many-electron
systems (including atoms, molecules, and the solid state), they enter elemen-
tary one-electron Dirac central-field orbitals of which approximate multi-electron
wave functions describing such systems are frequently constructed (see numerous
references cited in [6–9]).

Despite the so well documented practical importance of the spherical
spinors, thus far relatively little space has been devoted in the literature to
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systematic studies or presentations of their properties. Standard textbooks or
reference works on the angular momentum theory, such as [10–13], discuss the
spherical spinors only superficially. In fact, even in the most comprehensive rele-
vant treatise by Varshalovich et al. [14] the spherical spinors have been treated
much less exhaustively than scalar or vector spherical harmonics. In conse-
quence, atomic and molecular researchers usually have to derive particular prop-
erties of the spherical spinors ad hoc, as exemplified by [15–19]. As a part of our
research program (in this connection, see also [20]) aimed at changing this unsat-
isfactory situation, in this paper we present a comprehensive table of recurrence
and differential relations obeyed by the spherical spinors.

2. Preliminaries

2.1. Definitions

Let ex , ey , ez be versors of some right-handed Cartesian coordinate system.
The cyclic versors e0, e±1, are defined through the relationships

e0 = ez, e±1 = ∓ 1√
2
(ex ± iey). (2.1.1)

The dimensionless orbital (L̂) and total (Ĵ) angular momentum operators (both
with respect to the center of the aforementioned Cartesian system) are defined
as

L̂ = −ir × ∇ I (2.1.2)

and

Ĵ = L̂ + 1
2σ , (2.1.3)

respectively. In Eqs. (2.1.2) and (2.1.3), and hereafter, I is the 2 × 2 unit matrix,
while σ is the 2 × 2 Pauli matrix vector

σ = σx ex + σyey + σzez, (2.1.4)

with

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (2.1.5)

Let n = r/r be a unit radius vector with respect to the origin of the afore-
mentioned Cartesian system. The spatial orientation of n is uniquely determined
by specifying two angles, 0 � θ � π and 0 � ϕ < 2π , such that

ex · n = sin θ cos ϕ, ey · n = sin θ sin ϕ, ez · n = cos θ. (2.1.6)
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Evidently, θ and ϕ are, respectively, the polar and the azimuthal angles in the
spherical system coordinates, with its polar and azimuthal axes directed along
the Cartesian versors ez and ex , respectively.

We define the spin one-half spherical spinors, hereafter denoted as �κµ(n),
as two-component functions of the unit vector n (or, equivalently, of the afore-
mentioned angles θ and ϕ) of the form

�κµ(n) =

⎛
⎜⎜⎝

sgn(−κ)

√
κ+ 1

2 −µ

2κ+1 Yl,µ−1/2(n)√
κ+ 1

2 +µ

2κ+1 Yl,µ+1/2(n)

⎞
⎟⎟⎠ , (2.1.7)

with κ ∈ {±1, ±2, . . .}, µ ∈ {−|κ| + 1
2 , −|κ| + 3

2 , . . . , |κ| − 1
2 }, and

l = |κ + 1
2 | − 1

2 =
{

κ for κ > 0
−κ − 1 for κ < 0.

(2.1.8)

In Eq. (2.1.7),

Ylm(n) =
√

2l + 1
4π

(l − m)!
(l + m)! P(m)

l (cos θ)eimϕ (2.1.9)

is the scalar spherical harmonics, with

P(m)
l (ξ) = (−)m

2l l! (1 − ξ2)m/2 dl+m

dξ l+m
(ξ2 − 1)l (−1 � ξ � +1) (2.1.10)

being the associated Legendre function of the first kind. (The phases in Eqs.
(2.1.9) and (2.1.10) have been chosen so that the spherical harmonics (2.1.9) con-
forms to the Condon–Shortley [21] phase convention; in this connection, see also
the remark concluding section 2.2.)

In this work, we shall label the spherical spinors with the two indices κ and
µ. However, it should be mentioned that in the relevant literature one encoun-
ters also numerous examples of labeling these functions by three indices j , l, and
µ, with the first index in this triple related to κ through

j = |κ| − 1
2 , (2.1.11)

with l defined as in Eq. (2.1.8), and with µ assuming the same value as explained
below Eq. (2.1.7). In view of the relations (2.1.8) and (2.1.11), and the converse
one,

κ = (l − j)(2 j + 1), (2.1.12)

both labeling schemes are completely equivalent.
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2.2. Remarks

Preparing the collection of formulas presented in section 3 we have made
an attempt to minimize the number of entries (with a few exceptions when the
operator Ĵ has been involved). To this end, we have made an extensive use of
the property

A · (B × C) = (A × B) · C, (2.2.1)

valid alike for ordinary vectors and vector operators. Also, we have extensively
exploited the identities like

L̂ × L̂ = iL̂, σ × σ = 2iσ , Ĵ × Ĵ = i Ĵ, (2.2.2)

n × ∇ = −∇ × n, n · L̂ = L̂ · n = 0, ∇ · L̂ = L̂ · ∇ = 0, (2.2.3)

etc., to reduce operators acting on the spherical spinors to the simplest possible
forms. If a result of such a reduction of a particular operator has been found to
be a scalar multiple of the identity, the action of this operator on the spherical
spinors has not been displayed in the table. For instance, the equation

(n × L̂) × n �κµ(n) = 2i�κµ(n) (2.2.4)

has not been included in section 3 since it reflects the operator identity

n × (L̂ × n) = (n × L̂) × n = 2i I (2.2.5)

rather than some particular property of the spherical spinors.
In section 3.3, F(r) is a (once or twice, depending on the needs) differen-

tiable, and otherwise arbitrary, function of the radial variable r = |r|.
Before proceeding to the table, a word of caution is still in order. It appears

that, analogously to the case of scalar spherical harmonics, recurrence and differ-
ential relations obeyed by the spherical spinors depend on the choices of phases
in the defining equations. In other words, if the net phase of spherical spinors in
use differs from that following from our Eqs. (2.1.7), (2.1.9), and (2.1.10), or if
the Pauli matrix σy is defined with the opposite sign, as it occasionally happens
in the literature, signs in some of the relationships listed in section 3 may need
to be changed.
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3. Table of recurrence and differential relations for spherical spinors

3.1. Algebraic recurrence relations

e0 · n �κµ(n) = − 2µ

4κ2 − 1
�−κµ(n) +

√
(κ + 1

2 )2 − µ2

|2κ + 1| �κ+1,µ(n)

+
√

(κ − 1
2 )2 − µ2

|2κ − 1| �κ−1,µ(n) (3.1.1)

e±1 · n �κµ(n) = ±√
2

√
κ2 − (µ ± 1

2 )2

4κ2 − 1
�−κ,µ±1(n)

+
√

(κ ± µ + 1
2 )(κ ± µ + 3

2 )
√

2(2κ + 1)
�κ+1,µ±1(n)

−
√

(κ ∓ µ − 1
2 )(κ ∓ µ − 3

2 )
√

2(2κ − 1)
�κ−1,µ±1(n) (3.1.2)

n · σ �κµ(n) = −�−κµ(n) (3.1.3)

e0 · σ �κµ(n) = − 2µ

2κ + 1
�κµ(n) − 2

√
(κ + 1

2 )2 − µ2

|2κ + 1| �−κ−1,µ(n) (3.1.4)

e±1 · σ �κµ(n) = ±√
2

√
κ2 − (µ ± 1

2 )2

2κ + 1
�κ,µ±1(n)

−√
2

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

2κ + 1
�−κ−1,µ±1(n) (3.1.5)

e0 · (n × σ ) �κµ(n) = i
4µκ

4κ2 − 1
�−κµ(n) + i

√
(κ + 1

2 )2 − µ2

|2κ + 1| �κ+1,µ(n)

−i

√
(κ − 1

2 )2 − µ2

|2κ − 1| �κ−1,µ(n) (3.1.6)
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e±1 · (n × σ ) �κµ(n) = ∓i2
√

2κ

√
κ2 − (µ ± 1

2 )2

4κ2 − 1
�−κ,µ±1(n)

+i

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�κ+1,µ±1(n)

+i

√
(κ ∓ µ − 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ − 1)

�κ−1,µ±1(n). (3.1.7)

3.2. Differential relations of the first kind

e0 · L̂ �κµ(n) = 2µ(κ + 1)

2κ + 1
�κµ(n) +

√
(κ + 1

2 )2 − µ2

|2κ + 1| �−κ−1,µ(n) (3.2.1)

e±1 · L̂ �κµ(n) = ∓√
2(κ + 1)

√
κ2 − (µ ± 1

2 )2

2κ + 1
�κ,µ±1(n)

+
√

(κ ± µ + 1
2 )(κ ± µ + 3

2 )
√

2(2κ + 1)
�−κ−1,µ±1(n) (3.2.2)

σ · L̂ �κµ(n) = −(κ + 1)�κµ(n) (3.2.3)

n · Ĵ �κµ(n) = −1
2

�−κµ(n) (3.2.4)

e0 · Ĵ �κµ(n) = µ�κµ(n) (3.2.5)

e±1 · Ĵ �κµ(n) = ∓ 1√
2

√
κ2 − (µ ± 1

2 )2 �κ,µ±1(n) (3.2.6)

σ · Ĵ �κµ(n) = −
(
κ − 1

2

)
�κµ(n) (3.2.7)

L̂2
�κµ(n) = κ(κ + 1)�κµ(n) (3.2.8)

Ĵ2
�κµ(n) =

(
κ2 − 1

4

)
�κµ(n) (3.2.9)
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L̂ · Ĵ �κµ(n) =
(
κ − 1

2

)
(κ + 1)�κµ(n) (3.2.10)

e0 · (n × L̂) �κµ(n) = −i
2µ(κ + 1)

4κ2 − 1
�−κµ(n) − iκ

√
(κ + 1

2 )2 − µ2

|2κ + 1| �κ+1,µ(n)

+i(κ + 1)

√
(κ − 1

2 )2 − µ2

|2κ − 1| �κ−1,µ(n) (3.2.11)

e±1 · (n × L̂) �κµ(n) = ±i
√

2(κ + 1)

√
κ2 − (µ ± 1

2 )2

4κ2 − 1
�−κ,µ±1(n)

−iκ

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�κ+1,µ±1(n)

−i(κ + 1)

√
(κ ∓ µ − 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ − 1)

�κ−1,µ±1(n)

(3.2.12)

e0 · (L̂ × n) �κµ(n) = i
2µ(κ − 1)

4κ2 − 1
�−κµ(n) + i(κ + 2)

√
(κ + 1

2 )2 − µ2

|2κ + 1| �κ+1,µ(n)

−i(κ − 1)

√
(κ − 1

2 )2 − µ2

|2κ − 1| �κ−1,µ(n) (3.2.13)

e±1 · (L̂ × n) �κµ(n) = ∓i
√

2(κ − 1)

√
κ2 − (µ ± 1

2 )2

4κ2 − 1
�−κ,µ±1(n)

+i(κ + 2)

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�κ+1,µ±1(n)

+i(κ − 1)

√
(κ ∓ µ − 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ − 1)

�κ−1,µ±1(n)

(3.2.14)

n · (σ × L̂) �κµ(n) = i(κ + 1)�−κµ(n) (3.2.15)

e0 · (σ × L̂) �κµ(n) = i sgn(κ)

√
(κ + 1

2 )2 − µ2 �−κ−1,µ(n) (3.2.16)
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e±1 · (σ × L̂) �κµ(n) = i
1√
2

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 ) �−κ−1,µ±1(n) (3.2.17)

(σ × L̂) · n �κµ(n) = i(κ − 1)�−κµ(n) (3.2.18)

e0 · (n × Ĵ) �κµ(n) = −i
2µ

4κ2 − 1
�−κµ(n) − i

(
κ − 1

2

) √
(κ + 1

2 )2 − µ2

|2κ + 1| �κ+1,µ(n)

+i
(
κ + 1

2

) √
(κ − 1

2 )2 − µ2

|2κ − 1| �κ−1,µ(n) (3.2.19)

e±1 · (n × Ĵ) �κµ(n) = ±i
√

2

√
κ2 − (µ ± 1

2 )2

4κ2 − 1
�−κ,µ±1(n)

−i
(
κ − 1

2

) √
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�κ+1,µ±1(n)

−i
(
κ + 1

2

) √
(κ ∓ µ − 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ − 1)

�κ−1,µ±1(n)

(3.2.20)

e0 · (Ĵ × n) �κµ(n) = −i
2µ

4κ2 − 1
�−κµ(n) + i

(
κ + 3

2

) √
(κ + 1

2 )2 − µ2

|2κ + 1| �κ+1,µ(n)

−i
(
κ − 3

2

) √
(κ − 1

2 )2 − µ2

|2κ − 1| �κ−1,µ(n) (3.2.21)

e±1 · (Ĵ × n) �κµ(n) = ±i
√

2

√
κ2 − (µ ± 1

2 )2

4κ2 − 1
�−κ,µ±1(n)

+i
(
κ + 3

2

) √
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�κ+1,µ±1(n)

+i
(
κ − 3

2

) √
(κ ∓ µ − 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ − 1)

�κ−1,µ±1(n)

(3.2.22)

n · (σ × Ĵ) �κµ(n) = iκ�−κµ(n) (3.2.23)
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e0 · (σ × Ĵ) �κµ(n) = −i
2µ

2κ + 1
�κµ(n) + i(2κ − 1)

√
(κ + 1

2 )2 − µ2

|2κ + 1| �−κ−1,µ(n)

(3.2.24)

e±1 · (σ × Ĵ) �κµ(n) = ±i
√

2

√
κ2 − (µ ± 1

2 )2

2κ + 1
�κ,µ±1(n)

+i(2κ − 1)

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�−κ−1,µ±1(n)

(3.2.25)

(σ × Ĵ) · n �κµ(n) = i(κ − 2)�−κµ(n) (3.2.26)

n · (Ĵ × σ ) �κµ(n) = −i(κ + 2)�−κµ(n) (3.2.27)

e0 · (Ĵ × σ ) �κµ(n) = −i
2µ

2κ + 1
�κµ(n) − i(2κ + 3)

√
(κ + 1

2 )2 − µ2

|2κ + 1| �−κ−1,µ(n)

(3.2.28)

e±1 · (Ĵ × σ ) �κµ(n) = ±i
√

2

√
κ2 − (µ ± 1

2 )2

2κ + 1
�κ,µ±1(n)

−i(2κ + 3)

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�−κ−1,µ±1(n)

(3.2.29)

(Ĵ × σ ) · n �κµ(n) = −iκ�−κµ(n) (3.2.30)

n · (L̂ × Ĵ) �κµ(n) = −i
1
2
(κ + 1)�−κµ(n) (3.2.31)

e0 · (L̂ × Ĵ) �κµ(n) = i
2µ(κ + 1)

2κ + 1
�κµ(n) − i

(
κ − 1

2

) √
(κ + 1

2 )2 − µ2

|2κ + 1| �−κ−1,µ(n)

(3.2.32)
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e±1 · (L̂ × Ĵ) �κµ(n) = ∓i
√

2(κ + 1)

√
κ2 − (µ ± 1

2 )2

2κ + 1
�κ,µ±1(n)

−i
(
κ − 1

2

) √
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�−κ−1,µ±1(n)

(3.2.33)

(L̂ × Ĵ) · n �κµ(n) = −i
1
2
(κ − 1)�−κµ(n) (3.2.34)

(L̂ × Ĵ) · σ �κµ(n) = −i2(κ + 1)�κµ(n) (3.2.35)

n · (Ĵ × L̂) �κµ(n) = i
1
2
(κ + 1)�−κµ(n) (3.2.36)

e0 · (Ĵ × L̂) �κµ(n) = i
2µ(κ + 1)

2κ + 1
�κµ(n) + i

(
κ + 3

2

) √
(κ + 1

2 )2 − µ2

|2κ + 1| �−κ−1,µ(n)

(3.2.37)

e±1 · (Ĵ × L̂) �κµ(n) = ∓i
√

2(κ + 1)

√
κ2 − (µ ± 1

2 )2

2κ + 1
�κ,µ±1(n)

+i
(
κ + 3

2

) √
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

�−κ−1,µ±1(n)

(3.2.38)

σ · (Ĵ × L̂) �κµ(n) = −i2(κ + 1)�κµ(n) (3.2.39)

(Ĵ × L̂) · n �κµ(n) = i
1
2
(κ − 1)�−κµ(n) (3.2.40)

L̂ · (n × Ĵ) �κµ(n) = i
1
2
(κ − 1)�−κµ(n) (3.2.41)

Ĵ · (n × L̂) �κµ(n) = −i
1
2
(κ + 1)�−κµ(n) (3.2.42)

σ · (Ĵ × σ ) �κµ(n) = i(2κ + 5)�κµ(n) (3.2.43)
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Ĵ · (n × Ĵ) �κµ(n) = −i
1
2

�−κµ(n) (3.2.44)

Ĵ · (σ × Ĵ) �κµ(n) = −i
(
κ − 1

2

)
�κµ(n) (3.2.45)

Ĵ · (L̂ × Ĵ) �κµ(n) = i
(
κ − 1

2

)
(κ + 1)�κµ(n) (3.2.46)

(L̂ × Ĵ) · L̂ �κµ(n) = i
(
κ + 1

2

)
(κ + 1)�κµ(n). (3.2.47)

3.3. Differential relations of the second kind

n · ∇ F(r)�κµ(n) = dF(r)

dr
�κµ(n) (3.3.1)

∇ · n F(r)�κµ(n) =
(

∂

∂r
+ 2

r

)
F(r)�κµ(n) (3.3.2)

e0 · ∇ F(r)�κµ(n) = − 2µ

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n)

+
√

(κ + 1
2 )2 − µ2

|2κ + 1|
(

∂

∂r
− κ

r

)
F(r)�κ+1,µ(n)

+
√

(κ − 1
2 )2 − µ2

|2κ − 1|
(

∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ(n)

(3.3.3)

e±1 · ∇ F(r)�κµ(n) = ±√
2

√
κ2 − (µ ± 1

2 )2

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κ,µ±1(n)

+
√

(κ ± µ + 1
2 )(κ ± µ + 3

2 )
√

2(2κ + 1)

(
∂

∂r
− κ

r

)
F(r)�κ+1,µ±1(n)

−
√

(κ ∓ µ − 1
2 )(κ ∓ µ − 3

2 )
√

2(2κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ±1(n)

(3.3.4)



408 R. Szmytkowski / Recurrence and differential relations

σ · ∇ F(r)�κµ(n) = −
(

∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.5)

Ĵ · ∇ F(r)�κµ(n) = −1
2

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.6)

∇ · Ĵ F(r)�κµ(n) = −1
2

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.7)

∇2 F(r)�κµ(n) = 1
r

(
∂2

∂r2
− κ(κ + 1)

r2

)
r F(r)�κµ(n) (3.3.8)

e0 · (σ × ∇) F(r)�κµ(n) = −i
4µκ

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n)

−i

√
(κ + 1

2 )2 − µ2

|2κ + 1|
(

∂

∂r
− κ

r

)
F(r)�κ+1,µ(n)

+i

√
(κ − 1

2 )2 − µ2

|2κ − 1|
(

∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ(n)

(3.3.9)

e±1 · (σ × ∇) F(r)�κµ(n) = ±i2
√

2κ

√
κ2 − (µ ± 1

2 )2

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κ,µ±1(n)

−i

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

(
∂

∂r
− κ

r

)
F(r)�κ+1,µ±1(n)

−i

√
(κ ∓ µ− 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ−1)

(
∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ±1(n)

(3.3.10)

Ĵ · (σ × ∇) F(r)�κµ(n) = −iκ

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.11)

n · (L̂ × ∇) F(r)�κµ(n) = i

(
2

∂

∂r
− κ(κ + 1)

r

)
F(r)�κµ(n) (3.3.12)
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e0 · (L̂ × ∇) F(r)�κµ(n) = i
2µ(κ − 1)

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n)

+i(κ + 2)

√
(κ + 1

2 )2 − µ2

|2κ + 1|
(

∂

∂r
− κ

r

)
F(r)�κ+1,µ(n)

−i(κ − 1)

√
(κ − 1

2 )2 − µ2

|2κ − 1|
(

∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ(n)

(3.3.13)

e±1 · (L̂ × ∇) F(r)�κµ(n)= ∓i
√

2(κ − 1)

√
κ2 − (µ ± 1

2 )2

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κ,µ±1(n)

+i(κ+2)

√
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

(
∂

∂r
− κ

r

)
F(r)�κ+1,µ±1(n)

+i(κ−1)

√
(κ ∓ µ− 1

2 )(κ ∓ µ− 3
2 )

√
2(2κ−1)

(
∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ±1(n)

(3.3.14)

σ · (L̂ × ∇) F(r)�κµ(n) = i(κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.15)

Ĵ · (L̂ × ∇) F(r)�κµ(n) = i
1
2
(κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.16)

e0 · (∇ × L̂) F(r)�κµ(n) = −i
2µ(κ + 1)

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n)

−iκ

√
(κ + 1

2 )2 − µ2

|2κ + 1|
(

∂

∂r
− κ

r

)
F(r)�κ+1,µ(n)

+i(κ+1)

√
(κ− 1

2 )2−µ2

|2κ−1|
(

∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ(n)

(3.3.17)
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e±1 · (∇ × L̂) F(r)�κµ(n) = ±i
√

2(κ + 1)

√
κ2 − (µ ± 1

2 )2

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κ,µ±1(n)

−iκ

√
(κ ± µ + 1

2 )(κ ± µ + 3
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(
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∂r
− κ

r

)
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−i(κ + 1)
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(κ ∓ µ − 1

2 )(κ ∓ µ − 3
2 )

√
2(2κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ±1(n)

(3.3.18)

σ · (∇ × L̂) F(r)�κµ(n) = −i(κ + 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.19)

Ĵ · (∇ × L̂) F(r)�κµ(n) = −i
1
2
(κ + 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.20)

(∇ × L̂) · n F(r)�κµ(n) = i

(
2

∂

∂r
+ κ2 + κ + 4

r

)
F(r)�κµ(n) (3.3.21)

(∇ × L̂) · Ĵ F(r)�κµ(n) = −i
1
2
(κ + 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.22)

n · (Ĵ × ∇) F(r)�κµ(n) = i

(
2

∂

∂r
− (κ + 1)(2κ − 1)

2r

)
F(r)�κµ(n) (3.3.23)

e0 · (Ĵ × ∇) F(r)�κµ(n) = −i
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(
∂

∂r
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r

)
F(r)�−κµ(n)
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r

)
F(r)�κ−1,µ(n)

(3.3.24)
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e±1 · (Ĵ × ∇) F(r)�κµ(n) = ±i
√
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2 )2

4κ2 − 1

(
∂
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r

)
F(r)�−κ,µ±1(n)
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(
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)
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(
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2 )(κ ∓ µ − 3
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√
2(2κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ±1(n)

(3.3.25)

σ · (Ĵ × ∇) F(r)�κµ(n) = i(κ − 2)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.26)

L̂ · (Ĵ × ∇) F(r)�κµ(n) = −i
1
2
(κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.27)

e0 · (∇ × Ĵ) F(r)�κµ(n) = −i
2µ

4κ2 − 1

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n)
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κ − 1

2

) √
(κ + 1
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∂
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)
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+i
(
κ+ 1

2

) √
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2 )2 − µ2
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(

∂
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+ κ + 1
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)
F(r)�κ−1,µ(n)

(3.3.28)

e±1 · (∇ × Ĵ) F(r)�κµ(n) = ±i
√
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√
κ2 − (µ ± 1

2 )2

4κ2 − 1

(
∂
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+ κ + 1

r

)
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) √
(κ ± µ + 1

2 )(κ ± µ + 3
2 )

√
2(2κ + 1)

(
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√
2(2κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�κ−1,µ±1(n)

(3.3.29)

σ · (∇ × Ĵ) F(r)�κµ(n) = −iκ

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.30)

L̂ · (∇ × Ĵ) F(r)�κµ(n) = i
1
2
(κ − 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.31)
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Ĵ · (∇ × Ĵ) F(r)�κµ(n) = −i
1
2

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.32)

(∇ × Ĵ) · n F(r)�κµ(n) = i

(
2

∂

∂r
+ 2κ2 + κ + 7

2r

)
F(r)�κµ(n) (3.3.33)

(∇ × Ĵ) · σ F(r)�κµ(n) = −i(κ + 2)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.34)

(∇ × Ĵ) · L̂ F(r)�κµ(n) = i
1
2
(κ + 1)

(
∂

∂r
+ κ + 1

r

)
F(r)�−κµ(n) (3.3.35)

∇ · (L̂ × ∇) F(r)�κµ(n) = i
2
r

(
∂2

∂r2
− κ(κ + 1)

r2

)
r F(r)�κµ(n) (3.3.36)

∇ · (Ĵ × ∇) F(r)�κµ(n) = i
2
r

(
∂2

∂r2
− κ(κ + 1)

r2

)
r F(r)�κµ(n) (3.3.37)
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